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In this work a numerical methodology is theoretically proposed to calculate the magnetization of a
polycrystalline system, considering a microscopic Hamiltonian model, which describes a magnetic
system consisting of two sublattices of different magnetic ions coupled by exchange interactions and
with parallel and perpendicular direction of the magnetic ﬁeld. The inﬂuence of changing the applied
magnetic ﬁeld direction on an antiferromagnetic system was systematically analyzed. The proposed
numerical method was applied to the cubic perovskite EuTiO3 and a good agreement with the
experimental data was obtained.
& 2011 Elsevier B.V. Open access under the Elsevier OA license.1. Introduction
Due to their magnetoelectric properties, perovskite oxides
with divalent europium (Eu2þ) have been brought to attention
in the last decades [1–7]. A variety of magnetic and electric
properties have been observed depending on the kind of the
cation, non-stoichiometric oxygen and aliovalent cationic sub-
stitution [8]. EuNbO3 behaves as a ferromagnetic metal [1,2],
while introduction of oxygen vacancies converts it into a super-
conductor [3]. Until recently, EuZrO3 was considered paramag-
netic with a cubic perovskite structure [9]. Recently, Zong et al.
[8] found that EuZrO3 develops an antiferromagnetic ordering
below 4.1 K. Although direct conﬁrmation of the type of the
structure has yet to be provided by neutron diffraction, the
indirect evidence indicates that EuZrO3 and EuTiO3, which order
antiferromagnetically below 5.5 K [5], are magnetically very
similar, and order in a G-type antiferromagnetic structure
[4,8,10]. Substitution of the larger Ba2þ cation for Eu2þ in
Eu(1x)BaxTiO3 (0rxr0.2) results in a unit cell expansion that
decreases coupling between the magnetism and the dielectric
constant [7,11]. Substitution of Ca2þ for Eu2þ in Eu(1x)CaxTiO3
progressively reduces TN from 5.4 K in EuTiO3 to 2.6 K in
Eu0.40Ca0.60TiO3 [12].
Using the Heisenberg model, Katsufuji and Takagi [7] investi-
gated the coupling between magnetism and dielectric propertiesRio de Janeiro, Instituto de
isco Xavier, 524 - 30 andar,
.
sevier OA license.in quantum paraelectric EuTiO3, where the magnetic Eu ions form
the G-type antiferromagnetic structure. Recently, Kolodiazhnyi et
al. [13] applied the same model to study the magnetodielectric
effect in EuZrO3. However, as far as we know, the polycrystalline
characteristic of the antiferromagnetic sample, associated to the
magnetization components ﬂipped perpendicular to the magnetic
ﬁeld, was never taken into account.
In this paper, we discuss the three dimensional Heisenberg
model application on G-type antiferromagnetic structure. From
the state equation calculation we propose a method to obtain the
polycrystalline magnetization (which is relevant in low magnetic
ﬁeld). Application of our calculation is performed to EuTiO3. The
results of our model can be used to better describe the spin pair
correlation function that measures the coupling between the
magnetic and electric lattices in EuTiO3 and EuZrO3 [7,13].2. Theory
The Hamiltonian model, which describes an antiferromagnetic
system, is given by
H^¼
X
/i,jS
J1 S
!
iU S
!
j
X
½i,j
J2 S
!
iU S
!
jgmBm0 h
!
:
X
i
ð S!aiþ S
!
biÞ, ð1Þ
where J1 and J2 are the nearest-neighbor (NN) and next-nearest-
neighbor (NNN) exchange interactions, respectively. The sums
/i,jS and [i,j] run over NN and NNN, respectively [7]. For a G-type
cubic structure, the ions with magnetic spins S
!
a have 6 NN with
anti-parallel spins S
!
b and 12 NNN with parallel spins S
!
a. On the
Hamiltonian (1) the ﬁrst and the second terms represent the
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term represents the Zeeman interaction where g is the Lande
factor, mB is the Bohr magneton and m0 h
!
is the applied magnetic
ﬁeld. Considering the applied magnetic ﬁeld along the z-axis, the
Hamiltonian (1) in the mean-ﬁeld approximation has the form:
H¼HaþHb
Ha ¼HxaSxaHyaSyaHzaSza,
Hb ¼HxbSxbHybS
y
bHzbSzb ð2Þ
where the Sxa, S
y
a, S
z
a, S
x
b, S
y
b and S
z
bare the x, y and z components of
the a-type and the b-type spins, respectively. As long as the
system has axial symmetry one can work with only two compo-
nents, parallel and perpendicular to the applied ﬁeld. Neglecting
the y component, Hxa, H
z
a, H
x
b and H
z
b are the effective ﬁelds
obtained under mean ﬁeld approximation and are given by
Hxa ¼ 6J1/SxbSþ12J2/SxaS
Hza ¼ gmBBþ6J1/SZbSþ12J2/SZaS
Hxb ¼ 6J1/SxaSþ12J2/SxbS
Hzb ¼ gmBBþ6J1/SZaSþ12J2/SZbS: ð3Þ
The two magnetic sublattices, a and b, are coupled by the
relations (3). The Hamiltonians Ha and Hb can be represented on
the basis of eigenstates Sza and S
z
b, respectively. From the eigen-
values, we obtain the sublattices magnetic free energy:
Fa ¼kBTln
sinh½ð2Jþ1Þ=2Jxa
sinh½xa=2J
 
, ð4ÞFig. 1. A schematic view of the applied magnetic ﬁeld on an antiferromagnetic
system.
Fig. 2. (a) z-component of the magnetic moment versus magnetic ﬁeld along the paralle
of the total magnetic moment of the EuTiO3 for a magnetic ﬁeld of 0.1 T along the para
parallel conﬁguration.where a¼a,b and
xa ¼
J
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðHxaÞ2þðHzaÞ2
q
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, ð5Þ
where kB is the Boltzmann constant. From the free energy of the
system the mean value of the magnetic moments can be obtained
and are given by
/SiaS¼
@Fa
@Hia
¼ JH
i
aBJðxaÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðHxaÞ2þðHzaÞ2
q , ð6Þ
where a¼a,b, i¼x,z and BJ (x) is the Brillouin function. From the
self-consistent numerical solution of Eqs. (3) and (6), the two
components for the magnetization in both sublattices MZa ¼
gmB/J
Z
aS, a¼ a,b; Z¼ x,z can be determined.3. Model application
To understand the magnetization of a polycrystalline sample,
ﬁrstly we have to systematically investigate the inﬂuence of chan-
ging the ﬁeld direction on magnetization in a magnetic domain. For
this, we choose the cubic perovskite EuTiO3 and the model para-
meters are proposed in Ref. [7]. Since the Eu2þ in EuTiO3 is described
by a S¼7/2 wave function (without angular momentum contribu-
tion), the anisotropy associated with the crystalline electrical ﬁeld
can be neglected. Therefore, our antiferromagnetic domain model
presents axial symmetry and only two components of the magnetic
moments are necessary to describe the magnetization.
It is important to note that the Eq. (3) is solved self-consistently
and, without external magnetic ﬁeld, the magnetic moments of
both sublattices remain aligned with an angle of 1801 between the
a and b sublattice. Deﬁning an angle, y0, between the direction of
a-sublattice magnetic moment and the z-axis, one can see that for
any y0 a stable solution can be obtained for the system, since the
dot product is a rotation invariant. When a magnetic ﬁeld is
applied along the z-axis, a torque occurs in both magnetic moment
sublattices. This torque leads to another stable solution, where the
moments are not aligned and equilibrium angles ya and yb are
formed between the magnetic moments of the a and b sublattices,
and the z-axis. This can be schematically seen in Fig. 1.
There are two conﬁgurations that should be highlighted that
are, when y0¼01 and y0¼901, the parallel and perpendicular
conﬁgurations, respectively. For the parallel conﬁguration when a
magnetic ﬁeld is applied, the system remains on the aligned state,l conﬁguration for T¼2 K and the compound EuTiO3. (b) Temperature dependence
llel conﬁguration. The inset shows a scheme for the magnetic ﬁeld applied on the
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lattice, ya¼01 and yb¼1801. This state remains until a critical
ﬁeld, m0hC, when the system goes to a ferromagnetic state, as can
be seen in Fig. 2(a) for the z-component of the magnetic moment
of each sublattice and temperature of T¼2 K and applied mag-
netic ﬁeld along the parallel conﬁguration. Fig. 2(b) shows the
temperature dependence of the total magnetic moment for a
magnetic ﬁeld of 0.1 T along the parallel conﬁguration. The Neel
temperature is 5.5 K, and is marked by the highest value of the
magnetic moment as expected from a usual antiferromagnetic
system [14]. The inset in Fig. 2(b) is schematic for magnetic ﬁeld
applied on the parallel conﬁguration, as the magnetic moments
are aligned with the z-axis and the x-components of the magnetic
moments are null for both sublattices.
For the perpendicular conﬁguration, when a magnetic ﬁeld is
applied, a torque will be induced on the magnetic moments of both
sublattices that tends to align them into a ferromagnetic state.
Therefore, a competition between this torque and exchange inter-
actions that keeps the system on anti-parallel state will occur until
the ﬁeld has strength enough to induce the ferromagnetic state.
Fig. 3(a) shows the magnetic ﬁeld dependence of the magnetic
moments components of the EuTiO3 at T¼2 K along the perpendi-
cular conﬁguration. It is important to note the linear behavior of the
z-component of the magnetic moments with the magnetic ﬁeld
until the system reaches the ferromagnetic phase. The angular
coefﬁcient of this curve is 2.476 T1, and equivalent to the relation:
gmB
2 69J19kB
, ð7Þ
where 6 is the number of nearest neighbors and 2 appears because
Fig. 3(a) is taken for the magnetic moment of each sublattice. One
can see from Fig. 3(b) that relation (7) is equivalent to the well-
known perpendicular susceptibility on antiferromagnetic systems,
which is proportional to the inverse of the nearest neighbor
exchange parameter [15,16]. Fig. 3(b) shows the temperature
dependence of the magnetic moment components of the EuTiO3
for a magnetic ﬁeld of 0.1 T along the perpendicular conﬁguration.
The z-component of the magnetic moment of both sublattices
remains constant until both the x-components nulliﬁes, then the
magnetic moment starts to decrease as a usual paramagnet.
Taking into account these two conﬁgurations, the susceptibil-
ity for a polycrystalline antiferromagnetic system was calculated
accordingly to Ref. [15]. Considering that a polycrystalline sample
would present several domains with different orientations, y0, inFig. 3. (a) Magnetic ﬁeld dependence on the magnetic moments components of ea
(b) Temperature dependence on the magnetic moments components for m0h¼0.1 T and
applied magnetic ﬁeld along the perpendicular conﬁguration.such a way that the whole range of possible angles would be
fulﬁlled, and when a magnetic ﬁeld is applied to the system, the
magnetization should present a component due to the parallel
and perpendicular conﬁgurations given by the cosine and the sine
of the initial angle, y0, respectively. Hence, integration on the
solid angle is performed and the susceptibility of the polycrystal-
line sample is obtained:
wp ¼
1
3
w==þ
2
3
w?: ð8Þ
Following the same process, one can obtain the magnetization
of a polycrystalline sample and observe that only the perpendi-
cular conﬁguration contributes to the magnetization of the poly-
crystalline system.
Katsufuji and Takagi [7] determined that, when a magnetic
ﬁeld is applied, the system is immediately ﬂipped perpendicular
to the ﬁeld. This behavior agrees with the result that the
magnetization of a polycrystalline sample would only have
contribution from the perpendicular conﬁguration. However, it
disagrees with the result expected for the susceptibility, which
now would only present contribution for the perpendicular
susceptibility. Therefore, the behavior of the magnetic moments,
when a magnetic ﬁeld is applied, needs further attention. In order
to clarify this, we calculate the initial angle, y0, dependence on the
angles ya and yb, as shown in Fig. 4 for T¼1 K and (a) 0.1 T,
(b) 0.15 T, (c) 0.2 T and (d) 0.5 T. The behavior determined by
Katsufuji and Takagi is valid for magnetic ﬁeld above about 0.2 T,
however for lower magnetic ﬁeld intensity, the system is con-
tinuously changed along the initial angle, y0, and not immediately
ﬂipped to the perpendicular conﬁguration. Also, one can observe
that the saturation angle decreases with the increase of the
magnetic ﬁeld, which represents a higher value of the torque
caused by the magnetic ﬁeld on the sublattices.
Since the initial angle, y0, dependence on the angles, y1 and y2,
with the applied magnetic ﬁeld changes according to the mag-
netic ﬁeld intensity, one can expect, depending on the tempera-
ture and the applied magnetic ﬁeld, a different value of the
magnetization of a polycrystalline sample. Therefore, the magne-
tization along the magnetic ﬁeld direction, Mh, can be deﬁned as
Mh ¼Macosðyaðy0,m0h,TÞÞþMbcosðybðy0,m0h,TÞÞ: ð9Þ
In that way, for a given temperature and magnetic ﬁeld, the
relation (9) can be integrated on the solid angle and the magne-
tization of the polycrystalline antiferromagnetic system obtained.ch sublattice for T¼2 K and the EuTiO3 along the perpendicular conﬁguration.
the EuTiO3 along the perpendicular conﬁguration. The inset shows a scheme for the
Fig. 4. Initial angle dependence of the angles of the magnetizations with the z-axis for T¼1 K and (a) 0.1 T, (b) 0.15 T, (c) 0.2 T and (d) 0.5 T.
Fig. 5. Temperature dependence on the polycrystalline magnetization for 0.01 T
(circles), 1 T (squares) and 3 T (triangles) for the EuTiO3. Experimental data from
Ref. [7].
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stant points and the mean value of that sum is calculated, giving
the polycrystalline magnetization:
Mp ¼
XN
i ¼ 1
Macosðyaðyi,m0h,TÞÞþMbcosðybðyi,m0h,TÞÞ
N
: ð10Þ
Fig. 5 shows the temperature dependence of the magnetiza-
tion for the compound EuTiO3 for 0.01 T (circles), 1 T (squares)
and 3 T (triangles). The open symbols are for the experimental
data from Ref. [7]. The Lande factor was obtained to match the
saturation magnetization measured in Ref. [7]. For these magnetic
ﬁelds, one can see that the perpendicular conﬁguration is not the
only contribution to the polycrystalline magnetization. There is a
spontaneous magnetization different from zero and it increases
with the magnetic ﬁeld. The magnetization increases until TN isreached, then it starts to decrease with increasing temperature.
For higher values of the magnetic ﬁeld, the magnetization is
constant until TN is reached, then it starts to decrease with the
temperature. This highlights the perpendicular conﬁguration
contribution to the polycrystalline magnetization. For magnetic
ﬁeld of 3 T, the system behaves as a usual ferromagnetic.
The theoretical results follow the experimental behavior of the
sample, however it is lower than the experimental data below TN.
It may occur because of other contributions to the total magne-
tization besides the Eu2þ-4f-electron moments.Final comments
In this work, we theoretically investigated the polycrystalline
magnetization of an antiferromagnetic system. The inﬂuence of
changing the magnetic ﬁeld direction on the magnetization was
systematically studied starting from a Hamiltonian model, which
describes two coupled magnetic sublattices. The results were
compared with the previous results for the polycrystalline suscept-
ibility and a numerical method to calculate the polycrystalline
magnetization was proposed and applied to the compound EuTiO3,
with a good agreement with the available experimental data.Acknowledgments
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